Abstract -We study thermal radiation of a warm neutron star with a variable shell-like heater located in its crust. The heater and the star are taken to be initially in a stationary state. Then the heat power is increased or decreased for some period of time producing a peak or a dip of the thermal surface emission; afterwards the stationary state is restored. Only a small fraction of the generated heat is thermally emitted through the surface. Time variation of the surface luminosity is weakened and distorted with respect to the variation of the generated heat power; the former variation can be observable only under special conditions -neutron stars are "hiding" their internal temperature variations. These results can be useful for the interpretation of the observations of neutron stars with variable thermal surface emission, particularly, magnetars and transiently accreting neutron stars in low-mass X-ray binaries.
The effective surface temperature of the star T s is connected to the temperature T b at ρ = ρ b through a special T s − T b relation which is calculated separately using a quasi-stationary plane-parallel approximation [11] . We have employed a recently computed relation [12] for the surface layers made of iron. For surface temperatures T s 1 MK of our interest, a typical heat propagation time from ρ b = 10 9 g cm −3 through this heat blanketing envelope is t th ∼ 1 d. Therefore, our code allows us to study surface temperature variations not shorter than about 1 d. If we took a standard model of the heat-blanketing envelope with ρ b = 10 10 g cm −3 , the "time resolution" of our code would be t th ∼ 1 yr.
For simulations, we have chosen one neutron star model, with the BSk21 equation of state [13] of nucleon matter in the core. The gravitational mass of the chosen model is M = 1.4 M and the circumferential radius R = 12.6 km. We have approximated the heater by a thin spherical layer (ρ 1 ≤ ρ ≤ ρ 2 ). The heat power Q(ρ, t) (erg cm −3 s −1 ) has been taken zero outside this layer and independent of ρ within it. Within the heater, we have set
where H c is a constant stationary heat power, and H var (t) is a variation given by H var (t) = H 0 sin 2 (πt/Δt), at 0 ≤ t ≤ Δt,
with H var (t) = 0 otherwise, H 0 being a variation amplitude and Δt a variation duration. The time-integrated heat production of variable energy per cm 3 in the heater is
If H 0 > 0 we create a heat peak, otherwise (H 0 < 0) a heat dip. The previous consideration of Pons and Rea [9] formally corresponds to an instantaneous (delta-function) energy release, H var (t) = ΔE var δ(t). At the first stage, using the cooling code, we evolve the star with a constant heat power H c in the heater. Initially the star cools down but eventually it is stabilized by the constant heating [7] ; in this steady state the star is non-isothermal inside, the maximum temperature T = T h is reached in the heater. Then at some moment t = 0 we vary the heat power in accordance with (2) . In response, the surface emission starts to vary but after the heat variation stops, the star returns to its initial stationary state. We have calculated the total heat generation power L ∞ h (t) (erg s −1 ) and the total surface luminosity L ∞ s (t), both redshifted for a distant observer. We have mainly considered two positions of the heater. In the first case (of the so-called "outer heater") we assume ρ 1 = 10 11 g cm −3 and ρ 2 = 10 12 g cm −3 . In the second case (of the "inner heater") we take ρ 1 = 10 12 g cm −3 and ρ 2 = 1.27 × 10 13 g cm −3 ; the value of ρ 2 is chosen in such a way to have equal L ∞ h (t) at the same H c , H 0 and Δt for both heaters. In simulations, we have varied H c , H 0 and Δt. For heat peaks, we have taken H 0 = 9 H c (so that in the peak maximum we have H 0 + H c = 10H c ), while for dips H 0 = −H c (so that the heat power drops to H 0 + H c = 0 at t = ). The behavior of the surface radiation is seen to be drastically dependent of the energy release duration Δt and amplitude H 0 , as well as of the pre-burst heater's amplitude H c , i.e., on the thermal state of the star before the burst. It is convenient to introduce a characteristic heat diffusion time scale t diff from the heater to the surface, the characteristic time scale Δt s for variability of the surface emission, and the typical heater's temperature T ≈ T h . These quantities depend on the heater's parameters. Typically, t diff ∼ a few years for the outer heater and it is several times larger for the inner heater; the warmer the star, the larger t diff .
Consider, for instance, fig. 1A which is plotted for a relatively low H c = 5 × 10 17 erg cm −3 s −1 . For the shortest energy release, Δt = 1 yr, the variation of the thermal surface emission is nearly invisible (not detectable). The reason is twofold. First, the total amount of the released energy is not large. Second, the heat propagation time t diff at the decay phase is longer than the energy release duration Δt (so that the surface variability lasts for Δt s ∼ t diff Δt). This disperses L ∞ s (t) over the long time interval Δt s , decreasing the peak of the surface emission. The peak shape of L ∞ s (t) (almost invisible for the scales in fig. 1A ) contains a rapid surface luminosity rise (t diff in a pre-burst star) and a slower luminosity decay (t diff in a star heated by the energy release). Δt. In addition, the peaks of L ∞ s (t) essentially depend on the heater's position. The peak shifts are naturally explained by a finite diffusion time t diff . In our particular case, the peak shift for the outer heater is about 2 years, while the shift for the inner heater is about 7 years.
For the longest energy release displayed in fig. 1A (Δt = 100 yr) the situation is basically the same but better visible in the figure. The L ∞ s (t) peaks are damped, shifted and broadened with respect to the L ∞ h (t) peak. The L ∞ s (t) peak maximum for the outer heater is only 50% higher than the analogous maximum for the shorter energy release, Δt = 10 yr, while the L ∞ s (t) peak maximum for the inner heater at Δt = 100 yr is much higher than the corresponding maximum at Δt = 10 yr. If Δt = 100 yr, the characteristic heat diffusion time t diff is shorter than Δt (so that now Δt s ∼ Δt). Therefore, very roughly, the situation is quasi-stationary; the heater's power varies slowly and the thermal emission approximately follows these variations. In contrast, the case Δt = 10 yr can be treated as intermediate between Δt = 1 yr and Δt = 100 yr (t diff ∼ Δt). With the growth of Δt the peak shape becomes more symmetric, resembling the shape of L ∞ h (t). Now the longer energy release is roughly quasi-stationary, while the shorter one is not.
Even longer energy releases, with Δt 100 yr, would be more quasi-stationary but hardly detectable (an observer would consider such sources as not variable). Therefore, the most favorable variations to be detected are those from the outer heater of intermediate duration, with Δt from a few to a few tens of years. Another important condition concerns the variation amplitude H 0 of the heat generation. In fig. 1 we have assumed rather strong variations, H 0 = 9 H c . Had we taken lower H 0 , the variations of L ∞ s (t) would be even weaker. Finally, fig. 1C shows the same curves as in figs. 1A and B, but for much warmer star, with H c = 5 × 10 19 erg cm −3 s −1 . As shown in [7] [8] [9] , this case is special because the temperature in the heater becomes so high (T h 10 9 K) that the neutrino cooling in the heater is more efficient than the thermal conduction; the generated heat is mostly carried away by neutrinos. The fraction of heat emitted from the surface becomes very low. When an extra heat is generated, it is taken away by neutrinos. Accordingly, the time variability of the heater in such a warm neutron star will weakly affect the surface emission.
Based on figs. 1A-C we can very roughly distinguish three main regimes of the surface variability of the star.
1) The regime of dynamic response to an internal rapid energy release (Δt t diff ) in a not too hot star (T h 10 9 K). It is characterized by a rather rapid rise and longer decay on diffusion time-scales Δt s ∼ t diff . The peak of the surface emission weakly depends on Δt.
2) The regime of quasi-stationary response in a not too hot star (T h 10 9 K) to a slow energy release (Δt t diff ). It produces a peak of the surface emission which resembles the internal energy release, lasts for ∼ Δt, and weakly depends on t diff .
3) The regime of efficient neutrino cooling of the heater in a hot star (T h 10 9 K). It leads to weak variations of the surface emission.
The peak shapes of L ∞ s (t) in the dynamical regime qualitatively agree with the shapes obtained previously [9] for very short energy releases. Note that Pons and Rea [9] have used a two-dimensional (2D) cooling code and studied a heater in the form of a hot spot or a spherical layer under the stellar surface. In both cases the authors included the effects of strong magnetic fields, which mainly affect heat conduction, while we have not included such effects here.
Figures 2A-C are essentially the same as 1A-C but they are plotted for heater's drops (to zero intensity, Q = 0 at t = Figures 3II and III illustrate our results on energy releases ( fig. 1) and drops (fig. 2) . Figure 3II shows the Conclusions. -We have simulated thermal evolution of a neutron star with a variable heater placed in a spherical layer in the star's crust. Initially, the heater has been taken static to drive the star to a static state. Then we have increased or decreased the heater's power L Our main result is that the observability of heater's variations is restrictive -neutron stars are trying to hide their internal activity. To observe its signatures, the heater and its variations have to be strong, but not too strong to avoid efficient neutrino cooling in the heater itself. The heater has to be rather close to the surface (placed at densities ρ ∼ 10 11 g cm −3 or lower) to simplify heat transport to the surface. The heater's variation time Δt should be neither short (to produce enough heat) nor very long (to be detectable). Our results agree with the previous consideration [9] but seem more systematic (include studies of dips and of the quasi-stationary regime).
The results have many applications for neutron stars heated from inside, especially from the crust. They may help interpret observations of such stars and clarify the mechanisms for steady-state and variable heating.
Internal heaters can operate in vastly different neutron stars. For instance, they can be young stars (of age 100 yr) which have not reached the state of internal thermal relaxation (as discussed, e.g., in [8] ). They can also be middle-aged isolated neutron stars with many possible reheating mechanisms outlined in [14, 15] . Alternatively, they can be old accreting neutron stars which demonstrate bursts or superbursts originated in the outer crust [16] [17] [18] , and transiently accreting neutron stars in compact low-mass X-ray binaries [3, 6] warmed up by deep crustal heating [19] [20] [21] and by poorly known shallow heating (e.g., [17] ) in accreted matter. The heating of magnetars, associated usually with their strong magnetic fields (e.g., [5] and references therein), seems extremely important for the evolution and bursting activity of magnetars. Moreover, some magnetars are known to be related (e.g., [22] ) to high-B pulsars, which possess strong magnetic fields B 10 14 G but show no magnetar activity (need no internal heaters). However, some magnetars can sometimes transform into high-B pulsars (heater is switched off) and then back (heater is on). Such processes can be roughly described by our heater outburst or drop models.
The nature of steady and variable heaters in neutron stars (particularly, in magnetars) is far from being clear. The magnetic energy can be mainly stored in the bulk of the star but transported and transformed into heat in the outer layers. Many heating mechanisms in magnetars have been extensively studied (e.g., [4, 5, 9, 23, 24] and references therein). They include the evolution of magnetic fields (in the core and the crust) under the effects of rotation, Ohmic decay, Hall drift, ambipolar diffusion (in the core), plastic flows in the crust, mechanical deformations of crustals stresses, the effects of MHD waves and current sheets in the crust, bombardement of stellar surface by particles from magnetosphere, etc. Detailed modeling of these phenomena is complicated; our phenomenological approach can help estimate the efficiency of various heaters.
The ability of neutron stars to greatly damp the effects of variable internal heaters on the surface emission does not mean that such effects are not observable at all. For instance, for very strong outbursts, with H 0 /H c 10, the relative peak of the surface luminosity L fig. 3II ), that depends on Δt. The higher H 0 /H c , the lower the optimal amplitude H c . For instance, at H 0 /H c ∼ 3 × 10 3 the optimal amplitude H c decreases down to 10 17 -10 16 erg s −1 cm −3 . Therefore, one can obtain an enhancement of the surface luminosity peak by a factor 10-100 with relaxation tails lasting 1 yr, typical for the magnetar outbursts [9, 25] . In this case the heater should produce a very large amount of energy (H 0 /H c 10 3 ) at a low pre-burst amplitude H c . In particular, we confirm the possibility of a strong peak of the surface luminosity L ∞ max /L ∞ c ∼ 10 2 with a relaxation tail lasting 10 yr [26] in accordance with the observations of long outbursts of the central compact X-ray source 1E 161348-5055 in the supernova remnant RCW 103 [27, 28] .
On the other hand, many magnetar outbursts are sufficiently strong and short. It would be difficult to explain them within the internal heater model unless the heater is placed uncomfortably close to the neutron star surface. This is an indirect argument in favor of the widely discussed hypothesis that the radiation of such outbursts is formed in magnetospheres of magnetars [29] .
Our results can be extended to consider a variety of neutron star models (different equations of state and stellar masses, and different models for nucleon superfluidity inside the stars), non-spherical heaters, different models for variability of the heaters; it would also be very important to include the effects of strong magnetic fields and MHD waves. Such extensions are certainly beyond the scope of this work. * * * The work by DGY was partly supported by the Russian Foundation for Basic Rresearch, grant 16-29-13009-ofi-m.
